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ABSTRACT. In this paper, we establish some Harnack type inequalities satisfied by positive 
solutions of nonlocal inhomogeneous equations arising in the description of various phenom- 
ena ranging from population dynamics to micro-magnetism. For regular domains, we also 
derive an inequality up to the boundary. The main difficulty in such context lies in a precise 
control of the solutions outside a compact set and the existence of local uniform estimates. 
We overcome this problem by proving a contraction result which makes the L 1 norms of the 
solutions on two compact sets wi CC equivalent. We also construct the principal pos- 
itive eigenfunctions associated to particular nonlocal operators by using the corresponding 
Harnack type inequalities. 



1. Introduction and Main results 

In this paper, we investigate the existence of a Harnack type inequality for positive con- 
tinuous solutions of 

(1.1) C[u] = 
where the operator is defined by 

(1.2) £[u] := / k(x,y)u(y)dy - b(x)u, 

Jn 

with Q C M. d , k > and b(x) 6 C(f2). Precise assumptions on Q, k and b will be given later 
on. 

Such type of linear operator has been widely used to describe the dispersal of a population 
in its environment in the following sense. As stated in ll25l,l26l,l32ll , if u(y, t) is thought of as a 
density at a location y at a time t and k(x, y) as the probability distribution of jumping from 
a location y to a location x, then the rate at which the individuals from all other positions are 
arriving to the location x is 

k(x,y)u(y,t)dy. 



On the other hand, the rate at which the individuals are leaving the location x to travel to 
all other places is — b(x)u(x,t). The operator £ is called nonlocal since the behaviour of a 
function at a given point depends on its values at points some distance away rather than just 
nearby ones. 



2000 Mathematics Subject Classification. Primary 45A05, 47G10, 45M20, 47B34 . 

Key words and phrases. Nonlocal diffusion operators, Harnack type inequality, positive solutions. 

1 



In the past few years, there has been an intense interest to use such nonlocal operators 
to model problems in mathematical physics or in ecology see, among other references, J22I, 
26l, 32, 3l,|3^]. In particular, much attention has been devoted to the study of the nonlocal 



reaction diffusion equation 

(V? / 

(1.3) — = C[u} + f(x,u(x,t)) in !JxR + , 

where the usual elliptic diffusion operator is replaced by the operator C, see for example 
J5, 3, 32, 34]. Problems related to {1.3) with a homogeneous nonlinearity have been widely 



treated in the literature when b(x) = 1 and the kernel take the form of a convolution operator, 
i.e. k( x, y) = J(x — y) with J a probability density. For instance, the works in the references 
21|,|23I1 are devoted to the study of travelling front solutions existing for the problem 
{1.3) with a homogeneous bistable or monostable nonlinearity, while 10, [l3Tl deal with the 
study of the steady state solutions of the problem {1.3) with a logistic type, bistable or power- 
like nonlinearity. The particular instance of the parabolic problem in W 1 when / = is 
considered in (lilll^ l. In the heterogeneous case ( b and k general), few results are known. 
This is due mostly to the lack of compactness properties of C + A or of its inverse. We quote 
| |20l. I32I ] which deal with a convolution kernel in a periodic environment with a monostable 
type nonlinearity and | jl6l ] in the case of a linear heterogeneous dispersal process in R. 



When the kernel k(x, y) is smooth and compactly supported, it is easy to see that, when 
applied to a smooth function, the operator C can be rewritten into the following form 

C[u] := M[u]+K[u] 

with M. an elliptic operator 

(1.4) A4[u] := aij(x)dijU + bi(x)diU + c(x)u, 

and 1Z an operator involving derivatives of higher order than in M. . Indeed, we have 

£[u] = / k(x, y)[u(y) - u(x)j dy - c(x)u, 



JCl 

with c(x) := b(x) — J" k(x, y)dy. Hence, setting z = x — y and performing a formal Taylor 
expansion of u in the integral, we obtain 

k(x, x — z)[u(x — z) — u{x)\ dy = aij{x)dijU + bi(x)d{U + R[x, dij^u] 

X — U 

with a,ij(x) and bi(x) defined by the following expressions 



a>ij(x) = — f k(x,x — z)ziZj dz 
2 Jx-n 



bi{x) = I k(x,x — z)zidz 
Jx-n 

and 

R[x,dijku] := / k(x, x — z)ziZjZk [ st 2 d ijk u(x — hstz) dhdsdt I dz. 

Jx-Q \Jo JO Jo J 

Therefore, for suitable kernels k, it seems reasonable to expect that the operator £ shares 
many of the properties of M. 
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For a uniform elliptic operator M., it is well known that the positive solutions of the equa- 
tion M.[u] =0 are satisfying an Harnack inequality, see |24l.l27t |. That is to say 

Theorem 1.1 (Harnack Inequality H,!^ ). Let Q c W 1 be a domain and letu CC ft be a compact 
sub-domain. Then there exists a constant C{uS) such that for all positive smooth solutions u so that 

M[u] = 

we have 

u(x) < Cu(y) for all x,y 6 cj. 

Such estimate is an extremely important tool in the study of partial differential equations 
since they are providing in particular various key estimates in the analysis of the regularity 
of the solutions of PDE's. Moreover, such estimate plays a central role in the construction 
of a positive eigenfunction of M., which is also an essential tool in the analysis of various 
nonlinear partial differential equations, see for example 

As observed in jl6l,ll9l,l32ll for some particular choice of b and k, the principal eigenvalue 
Ai of £ and its corresponding positive eigenfunction <pi, that is 

(1.5) C[<f>i] + Ai^i = in 

are central in the analysis of the nonlocal reaction diffusion problems such as il.3} . However, 
due to the lack of compactness of C + A or of its inverse, proving the existence of a principal 
eigenpair in this context is a very difficult task and no general result is known. As for elliptic 
operators, an Harnack type inequality for the positive solutions of such nonlocal equation 
\\.5\ is expected to provide a priori estimates for the construction of eigenpairs of a general 
operator C It is therefore of great interest to investigate the existence of such estimates. For 

some particular kernel k(x, y), the Harnack estimate for solutions of (|l.lj) are often obtained 
as a consequence of the harmonic property of the solution. Indeed, when k(x, y) takes the 
following form 

if y € B(x, r{x)) 
otherwise 



k(x, y) 




where cq < r(x) < d(x, CS1) is a given function, then the positive solutions of (|1.1|) are har- 
monic functions. There exists a vast literature dealing with what is called in potential theory 
"The Converse Mean Value Problem". The central question is then to find the conditions on 
k(x,y) so that the solutions u o f dl.lb a re harmonic. For more details on this subject, we refer 
the interested reader to and references therein. For the above 

kernel, to our knowledge, Veech 13911 was the first to obtain a Harnack type estimate for the 
positive solutions of (|1.1|) as a consequence of the restricted mean valu e prop erty itself rather 
than the harmonic property of the solution. Later, Cornea and Vesely 11141, Il5ll have extended 
the Harnack type estimate obtained by Veech to some more general kernels. More precisely, 
they have obtained the following 



Theorem 1.2 ( Ill4l,ll5l1 ). Let k(x, y) be a kernel so that Vx € Vt, there exists V x and W x , two compact 
neighbourhoods of x and two strictly positive constants m x and M x such that W x C f2 and for any 
y G V x we have 

1 
bj. 



(1-6) rn x x Vx < T7 --k(.,y) < M x x Wx 



where x A is the characteristic function of the set A. Then, for all compact set uj a VL there exists a 
constant C(oj, k) such that for all super-median function u (i.e. any function u satisfying u(x) > 
f n k(x, z)u(z) dz for all x) and any two points x,y G ui, one have 

If If 

k(x, z)u(z) dz < Cttt / k(y, z)u(z) dz. 



K x ) Jn ' Hv) 

Some Harnack inequality for nonlocal operators have also been proved for singular ker- 
nel, essentially for the generators of pure jump processes, see for example IILI3,l3, [lol,[Tll,l33 1. 
In this context, the operator C takes the form 

(1.7) £[u]:= / k(x,y)[u(y) - u(x)]dy, 



n 



where k(x,y) ~ _ \ d+a with a > 0. This particular structure implies some extra regu- 

\ x y\ 

larity for the solutions of (LTjl and plays an essential role in the derivation of the Harnack 
inequality. 

In this work, we investigate the existence of a Harnack type inequality for a class of non- 
local operators C for which the condition on the kernel (|1.6|) is not always verified and when 
the compact set to can touch the boundary dfl when it exists. More precisely, we study the 
existence of a Harnack type inequality for the positive solutions of the operator defined in 
il.2} , for any positive function b(x) and when the kernel k(x, y) takes the form introduced 
by Cortazar et at in lfl6[| : 

(1.8) k(x,y) = J 



g(y) J g n {yY 

where J is a probability density and the function g is bounded and non negative. We are 
particularly interested in finding some simple conditions on J, g, b and Q, such that a Harnack 
type inequality holds for the positive solutions of the following equation 



In \ 



y\ u (y) 



(L9) 1 J[ m)m dy - b(x)u=0 - 

Now let us state the precise assumptions that we impose on J, g and b. Throughout this 
paper and without further notice we will always assume that J b and g satisfy the following 
assumptions 

jGi°°(M d )ni 1 ( 1R ' i ), ( m ) 
< J < m oXb 

(o,r ) f° r some positive constants ro, Ro, mo, Mq, {H2) 
g e L°°(ft), < g < p, -1 e qjfl) with p > 1, (H3) 

b G C(O), b(x) > 0. (HA) 

Let us also denote by S the set of point where g is vanishing (i.e. S := {x G &\g{x) = 0} ). 
Without loss of generality we will also assume that Rq = 1. Note that when 5^0 the kernel 

k(x, y) = J (jfi^j ^3^y does not satisfy automatically the assumption of Cornea and Vesely 

(i.e. the condition jl.6} ) moreover the operator C can not be rewritten as a jump operator like 
in the equation (|1.7[). 

Under the above assumptions on J, g, and b, we first establish some kind of uniform 
estimate satisfied by the positive solutions of (I1.9D . More precisely, we prove the following 
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Theorem 1.3. Let J, g, and b satisfying (H1-H4) and assume that $7 n S CC and let u C Vibe a 
compact set. Let us denote fi(w) the following set 

:= (J B(x,/3). 

Then there exists a positive constant r/* such that for any < v < rf there exist a compact set 
u' CC Q(oj) n £1 and a constant C(J, u, u', b, g, rj) such that the following assertions are verified 

(i) {x e Q(cj) n W v \d(x, d(Cl(cj) n W v )) > i]} C J , where W v := {x e £l\g(x) > v} 

(ii) for all positive continuous solutions u of 1)1.9} , the following inequality holds: 

u(x) < Cu(y) for all ieu,|/ew'nw. 

Under an additional assumption on the regularity of the compact set oj, we have a more 
precise estimate. Namely, we prove the following result. 

Theorem 1.4. Let J, g, and b satisfying (H1-H4) and assume that Q n S CC £1 Let u C be 
a compact set which satisfies an uniform inner cone condition. Then there exists a positive constant 
rj* such that for any < rj < rf, there exists a constant C(J,oj,b,g,r]) such that for all positive 
continuous solutions u of (|1.9|) the following inequality holds 

u(x) < Cu(y) for all xGw,j/Gwn{i/G Q\g(y) > 2r?}. 

Note that in the above Theorems (Theorems 11.31 and 11.4) 1. no condition is required on the 
open set £1. Therefore, the respective inequalities are holding as well when Q, = W n . In this 
particular case the assumption on S can be weakened. More specifically instead of assuming 
that S7 n S CC we can require that for any subset S of S, there exists a ball B(xq, R) such 
that 

B(x ,R) nS CC B(x ,R). 

Corollary 1.5. Let J, g, and b satisfying (H1-H4) and assume that S satisfies the above con- 
dition and let oj C W 1 be a compact set. Then there exists a positive constant rj* such that 
for any < n < n* there exists a constant C( J, w, b, g, rj) such that for all positive continuous 
solutions u of (|1.9|) the following inequality holds 

u(x) < Cu(y) for all x G oj, y € oj n {y € Q\g{y) > 2ry}. 

Observe that when the compact set oj <z Q, and the considered kernel k(x,y) satisfies the 



condition 1 )1.6} we recover the Harnack type estimate obtained by Cornea in |14l,llE 

As consequence of Theorems 11.31 and 11.41 we get various uniform estimates on the posi- 
tive solutions u of 1)1.9)1 when is a bounded domain. More precisely for general bounded 
domains we have 

Corollary 1.6. Assume J, g and b satisfy (H1-H4), let be a bounded domain and assume 
that ^ € L p (ft) for p > 1. Then there exists a positive constant n* such that for any < 
rj < n* there exists a compact set oj' CC and a constant C( J, f2, oj', b, g, rf) such that the two 
following assertions hold 

(i) {x e n\d(x,dW v ) >v}coj' 

(ii) for all positive continuous solutions u of 1 )1.9} . 



sup u < Cu(y) for all y G oj'. 

n 



Note that in this case, the assumption S H Cl CC is not any more required and the 
function g can vanish at the boundary. 

In the case of a regular bounded domain and assuming that g > a the above inequality 
extends up to the boundary. 

Corollary 1.7. Let J, g, and b satisfying (H1-H4) and assume that g > a > and Q, is 
a bounded domain which satisfies an uniform inner cone condition. Then there exists a 
constant C(f2, g, J, b) such that for all positive continuous solutions u of {1.9} it holds 

sup u < C inf u. 

a n 

Note that, in this particular case, whereas the classical Harnack type inequality remains 
true for positive solutions of the uniformly elliptic equation jlA) its extension up to the 
boundary (Corollary 1 1.7) does not. The validity of such an extension is a consequence of the 
nonlocal nature of the equation considered. 

Our last result is an application of these estimates to the construction of a positive solution 
of (|1.9|) for a particular b(x). Let us consider the equation 

(1.10) / jt^A^L dy-a(x)u = in Q, 

J a V 9{y) ) 9 n \y) 

where a(x) is defined as follows 

a(x): = \kj{m)iFk « *t s 

y 1 otherwise 

In the literature this equation corresponds to the nonlocal analogue of the usual eigenvalue 
problem for an elliptic operator with homogeneous Neumann boundary condition. For 
some particular situations, the existence of a positive solution is also well known. Indeed 
when g = cste then it is easy to see that for any J any constant is a solution of the prob- 
lem (|1.10|) . In this particular situation the kernel is of Markov type which is not true when 
g j£ cste. 

Another well known case is when Q, is a bounded domain and J is assumed to be a smooth 
(i.e. at least continuous ) function. Then in such a case the equation (|1.10|) reduces to a 
homogeneous second kind Fredholm integral equation, well studied in the literature, see 
for example ll37tl . To our knowledge besides the two above situations the existence of a non 
trivial positive solution of (|1.10[) under some general assumptions on J, g and b has only been 
obtained in the case Q = R see JH]. 

Let us now state our result. 

Theorem 1.8. Let J, g, and b satisfying (H1-H4) and assume that fin5 CC ft. Then there exists 
a positive continuous solution p of (|1.10[) . 



2. Comments and straightforward generalisations 

Before going into the proofs of these results, let us make some comments and explain our 
strategy of proofs. 
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We first want to emphasize that the continuity assumption HA made on b is not necessary 
and all the results can be proved assuming that b € L°°(f2) with in fab > 0. We want also to 
point out that all the above results extend obviously to the kernels k(x, y) of the form 

u x y \ = j ( Xl ~ V± ■ X2 ~ y" 2 . . X n-Vn \ 1 

V 9i(y) ' 92(y) g n (y) ) H?=x9i(y)' 

We also remark that the assumption J > coXB(o,r ) cannot be removed easily and a general- 
isation of the Harnack type estimate for more general measure J seems delicate. Indeed it is 
well known that the Harnack type inequality is false for some discrete Laplacian which 
corresponds to have in our framework b = g = 1 and J := \{5h + $-h) where 5^ denotes the 
Dirac mass at the point h, see l|35ll . For example by taking h = 2ir we have 1 + cos(x) is a non 
negative solution of the average equation 

u(x) = j J(x — y)u(y) dy = -(u(x + 2tt) + u(x — 2ir)). 

Extension of these Harnack type inequality for positive measure J are currently under con- 
sideration. 

We want also to emphasize even though the average equation il.9} have some similarities 
with the average equations studied in the "Converse Restricted Mean Value Problem", the 
two equations are fundamentally different. Indeed whereas a function satisfying a Restricted 
Mean Value Property with respect to a measure fi verifies 



(2.1) u(x) = / u{y)dix(y) 

JB(x,8(x)) 

for some function S(x), a solution u of (L9} satisfies 



u(x) = / u{y)dv{y), 
JB(x,g( y ))nn 

which in the case g ^ cste cannot be rewritten in the form (|2.1|) for some measure a. 

We also have recently observed that all our results on Harnack type inequality can be ex- 
tended to the framework of super-median function (i.e u so that C[u] < 0). In this framework, 
we have a Harnack type estimate of the form 

Theorem 2.1. Let J, g, and b satisfying (H1-H4). Assume that nn5 CC and let uj CC Vibe a 
corn-pact set. Let denote the following set 

n(w) := |J B{x,dJ), 

where d^ := d(ui, 30). Then there exists a positive constant rf such that, for any < rj < rf, there 
exists a compact set w'cc and a constant C(J, u, oo', b, g, rj) such that the following assertions 
are verified 

(i) {x £ Q(lo) n W v \d(x, d(Q(u)) n W v )) > ??} C J , ivhere W v := {x £ Q\g(x) > r?} 

(ii) for all positive continuous super median function u of (|1.9|) the following inequality holds: 

1 f T fx — z\u(z)dz ^„ 1 f T fy — z\u(z)dz , „ . 

J — TT" h! - C TT\ I J h! f or al1 x £cj,y eoj H uj. 



K x ) Jn V 9{z) J 9 d (z) b(y) J n \ g(z) J g d (z) 

We have remarked that some of our results can be generalized easily to the situation where 
the function g is vanishing at the boundary of the set Q provided that g{x) < d(x, dQ). More 
precisely, we have 
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Theorem 2.2. Let J, g, and b satisfying (H1-H4). Assume that S = Oft U Si with ft n Si CC O 
and g(x) < d(x, dCl). Let u) CC ft be a compact set and let fi(u>) denote the following set 



n(w) := (J Sfock), 



wTzere d w := d(u>, 50). T/jen t/zere exists a positive constant rf such that, for any < r] < r]*, there 
exist a compact set a/ CC U(cj) and a constant C(J, oj, a/, b, g, rf) such that the following assertions 
are verified 

(i) {x G (~1 W v \d(x, d(Q(uj) n W,,)) > ??} C a;', w/zere W v := {x G £l\g(x) > n} 

(ii) for all positive continuous solutions u of (|1.9|) , the following inequality holds: 

u(x) < Cu(y) for all x G lj, y € w' n u. 

Now let us explain our strategy to obtain such Harnack type inequality. It is mainly based 
on the following observation. For the harmonic functions (i.e functions u such that Au = 0) 



it is well known (see 11241, 12711 ) that they satisfy a mean value equality 

dy 



u{x) = / u(y) 

Jb(x,t) \B{x,r)\ 

which holds for any ball B(x, r) CC 0,. An Harnack inequality is derived easily from this 
property. Our idea is then to view a positive solution u of (|1.9|) as a positive function satisfy- 
ing some mean value equality 

(2.2) u( x ) = -J— I u(y)dfi(x,y), 

for some given measure dp,, and to use this formulation to obtain some uniform estimates 
depending only on uj, J and b. However, the later mean value property is fundamentally 
different from the one satisfied by harmonic functions in at least two ways. First, the mea- 
sure dfi(x,y) is no more homogeneous and may be singular in the variable y. Second, the 
solution of equation (|1.9|) satisfies the mean value equality for the fixed domain O, whereas 
for harmonic functions the mean value equality holds for any ball compactly included in 0. 
All the difficulty in obtaining such Harnack type estimates arises from these two differences. 
We note that our proofs differ from the one given in lfl3, Il5h providing alternative proofs of 
these Harnack type estimates. In particular, from our analysis, we can extract an estimate of 
the constant C involved in the Harnack type inequality. 

The paper is organized as follows. In the next section, we establish some general estimates 
that we use along our paper. Then we establish some uniform estimates satisfied by the 
positive solutions of (|1.9j) . Next, in section|5l we prove the various Harnack type inequalities 
appearing in Theorems 11.31 and 11.41 and Corollaries 11.51 to 11.71 Finally, the last section is 
devoted to the construction of a positive eigenfunction (Theorem[ 



3. Preliminaries 

In this section, we prove some technical lemmas concerning some sets of positive func- 
tions satisfying a pointwise estimate. Similar estimates and inequalities can be found in |15f ]. 
Let us state our first lemma, 



Lemma 3.1. Let Q, aW 1 be a domain and let x G and r} > so i/wf £>(x, 4r/) c 0. Let Cq be a 
positive constant and define X the following set of functions 

X(x) := < u G C(Q) | u > 0, sue/? £to > C / u(s) /or a// y G -B(x, 2r?) > 

Then for all | < r < rj, there exists a positive constant C\(r, -q, Co) < 1 so that for all u G X we 
have 

/ u(s)ds>C\ / u(s)ds. 

JB{x,r) JB{x,r+D 

Assume for the moment that Lemma l3TTl holds. Then we can derive the following uniform 
estimates 

Lemma 3.2. Let VL c W 1 , X CC and Co > be respectively a domain, a smooth connected 
compact set and a positive constant. Choose r\ > such that 

^2 V ■= |J B{xAv) cc n 
and consider X the following set of functions 

!:=<«£ C(0) | u > 0, swc/j f/zat > C / u(s) ds for all y G Q v ■= M 2r/) > 

Then there exists two positive constants C(rj, Co, X) and N(r), X) so £/ia£ 
CO for all x, y G X and for all u £ X we have 

/ ds > C u(s) ds. 

(ii) for all x G X and for allu G X a>e /iflue 

/" ds > ^- f u(s) ds. 

JB{x,l) N Js 

Proof of Lemma I3l2l 

Let us start with the proof of (i). Observe that for any z G X we have by assumption 
(3.1) Blz^^cO^andlCl^). 

Therefore applying Lemma l3Tl respectively with r = \ and \ yields for all u G X and for all 

z G X 

/ u(s)ds > Ci (^-,7], C ) / u(s)ds, 
u(s)ds > Ci (^,77, C ) / u(s)ds. 

B(z,l) V2 J JB(z,^) 



Thus for all u G X and for all z G X we have 
(3.2) / u{s)ds >C 2 [ 



u(s) ds, 



withC7 2 :=C 1 (2,r ? ,Co)C 1 (2,r ? ,C ). 

Using now that E is a compact connected set then there exists a finite number of balls 
B(zi, |) covering S. That is to say, for some N(H, rj) G N, 



A? 



i=l 

Now let x, y G E be fixed . From the covering, we can find a finite sequence (tn)n6{o,...,A r } 
of elements of E so that 

iV <^(S,r ? )+2 

€ {x,y,zt, . . . ,z N }, t = x and t No = y 
{ Vi€{0,...,No-l},B(ti+i,i)cB(U,^) 

Since for all u G X, u > 0, using (|3.2|) with z = a; and the definition of ii, we deduce that for 
all u G X 



u(s) ds > C 2 I u(s) ds > C 2 



u(s) ds. 



Then by induction, for all u G X we achieve 



/ u(s) ds > (C 2 ) N ° [ u(s) 



ds. 



Since N{rj,Ti) is independent of x and y and Nq < N + 2 we have for all x, y G E and for all 

it G X, 



> (C 2 ) 



Af+2 



which proves (i). 

To obtain (ii), we just have to remark that using the above covering of E and (i) for all 
x G E and all it G X we have 



/ u(s) ds > y 



' (C 2 ) N + 2 



N 



u(s) ds 



B(z i>V ) 



> 



> 



(C 2 ) N + 2 



ht,B{ Vi ,v) 



u(s) ds 



(C 2 ) N + 2 
N 



u(s) ds. 



□ 

Let us now turn our attention to the proof of the technical Lemma [3TTI 
Proof of Lemma [37T1 
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Since r < 77, for all z G B(x,r) we have B(z,rj) C B(x,2rj) and by assumption for all 
u G we have 



(3.3) / u(s) ds>C / u(a) cfe dz. 

JB{x,r) JB{x,r) \jB{z,rj) I 

Let us now consider the annulus A := A(x, r', r), for some < r' < r which will be chosen 
later on. Observe that for e > 0, A can be covered by a finite numbers of balls B(z,r — r' + e), 
where z G dB(x, r'). Namely we have for some Nr r _ r r +e \ G N, 

JV(r-r'+e) 

Ac (J B( Zi ,(r-r' + e)). 

i=l 

Observe that by construction, for any -/V( r _ r /) +e ) — tuplet {z\ , S2 , • • • > 2jv (n _ r / )+e) ) such that 2fj G 
B(zi, (r — r') + e) n A we have 

Ac (J fl(%,2(r-r') + 2e). 
i=i 

Moreover, for r — r' + e < | and for any JV( r _ r /) +e ) — tuplet (Si,Z2, . . . , 2^ r , )+E) ) such that 
G B(zi,(r — r') + e) D A, we see that 



N (r ,_ r / +e) 



(3.4) r ' + i_[( r _ r ') + e ]) c |J 5(2*, 17). 

i=i 

Indeed, let (zi, z 2 , • • • , 2jv ( „_ r , )+e) ) be a AT (r _ J ,, )+e) -tuplet such that Zi G B(z { , (r - r') + e) n A 
and take y G A(cc, r', r' + \ - [(r - r') + e]). Then <%, dB(x, r')) < \ - [(r - r') + e] and there 
exists z G dB(x, r') so that 

1 1 2/ - ^11 = d(y,dB(x,r')). 
Since z G dB(x, r'), by construction there exists Zj G dB(x, r') so that 

z G B( Z j,r- r' + e). 

Choose the corresponding element in the iV( r „ r /) +e ) — tuplet (zi,Z2, . . . ^N (n _ r , )+() ) and 
compute || y — % || then we have 

||y ~~ %ll < 1 1 2/ — z|| + ||z — Zj\\ + — Zj\\ 
< § + [(r - r') + e] 

since [(r — r') + e] < \. Thus y G B(zj,rj) and (|3.4|) holds. 

Let us fix e = I and choose r' = Let us also denote n(S) the Lebesgue measure of a 
set S and consider Aj := B(zi, (r — r') + e) n A . By construction, since 7/j G dB(x, r'), we 
have /i(Aj) = MA?) for all i, j and for each A, from (|3.3[) we have for all u G X(x) 



(3.5) / u(s) ds>C f If 

JB(x,r) JAi \JE 



u(s) ds dz. 

B(z, V ) J 
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Therefore for all u G X{x), on each A4 there exists a point Z{ G A{ which can depend on u 
such that 

(3.6) f u(s) ds > . " / u(s)ds. 

JB(x,r) MA) JB(zi,ri) 

Using that /u(A) = MA,-) f° r a U *>i/ we deduce that for each u G -^(a?) there exists a 
iV( r „ r /) +£ )-tuplet (Si, z 2 , ■ ■ ■ , ZN (n _ r , )+e) ) so that 

„ c ^(r-r'+e) 

/ (is > — — — — / u(s)ds 

JB(x,r) K A i)N(r—r<+e) ~[ JB{zi, V ) 

^ ~( a \ ?t° In, ,, , «(a)da. 



Since by construction for each u G X(x) we have Si G B(zi, (r — r') + e) n A for all i. Using 
the geometric condition (|3.4[) , it follows that for all u £ X(x) 

[ u(s)ds>——^ f u(s)ds. 

JB(x,r) H(Ai)I\ r _ r > +€ y j4 ( a . jr / iT ./ + 2_[( r _ r ./) +6 ]) 

Therefore, 

u(s)ds> t—-£- / u{s)ds + - u(s)ds 

B{x,r) ^{^ij^r-r'+e J A(x,r>,r'+%-[(r-r')+e]) 1 JB(x,r) 



> Ci / u(s) ds 

' B(x,r)UA{x,r',r'+%-{(r-r')+e]) 



> C\ \ u(s) ds, 

' B(x,r'+%-[(r-r')+e\) 



> C\ I u{s) ds, 

JB(x,r+h) 

where d := ^{ ^^—j- , \} and h:=\- [2(r - r>) + e]. 

Since by construction h = 2 — [2(r — r') + e] > \ — | > \ we achieve for all u G X{x), 

/ u(s) ds > C\ j u{s)ds>C\ / u(s)ds. 

JB(x,r) JB(x,r+h) J B{x,r+%) 

□ 

Remark 3.3. Note that from our construction we can make the constant C\ independent of r. 
Namely by our choice of r' and e N r _ r i +e = Ni is invariant with r and we have 

r > • r Co 1, 

Gl - mmi 2^(o,i,i)ns(.,i|))iV 1 '2 1 ' 

where z is any point of dB(0, y|) and d the dimension of space. 
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4. Local uniform estimates 

In this section, we establish some local uniform estimates, which will play an essential 
role in deriving Harnack type inequalities. 

Lemma 4.1. Let !lcP and u £ C(S1) be respectively a connected domain and a positive solution 
of \\.9\ . Let Q,' dVt.be a compact set such that g > a > in ST. Then there exists e* > such that 
for all e < e* , there exists f2 e and C e (a, (3, J, e, b) such that 

u(y) dy>C e / u{y) dy. 

Moreover, £l € satisfies the following chain of inclusion 

{x G n'\d{x,dn') > ae] cSl f c{i£ Q.'\d(x,d9.') > y} . 

Proof : 

Since u is a positive solution of {1 .9). using that Q' C £1, we have 

(4.1) J jfE^\^ d y-b(x)u(x)<0 in Q. 

The domain fi' being compact and u continuous, we can integrate (|4.1[) over Q e C C Q' and 
we have 

Using that g > a > in Q.' , Fubini's Theorem and setting z = , we end up with 

(4.2) / b{x)u(x) dx > [ ( [ J (^f) dx] dy 



(4.3) > / u(y) / J(z) dz dy 

Jn' \J^,y ) 

where S\ y := We claim that 

Claim 4.1. There exist Q e and Co > such that, for all y e $7', 

J(z)dz > Cq. 



Observe that by proving the above claim the proof of the lemma is ended. Indeed, assum- 
ing it is true, then we derive from the above inequality 

/ b(x)u(x) dx > / u(y) / J(z)dz dy, 
Jn t Jn' \Jn, v J 



> c / u{y)dy. 

Hence, 



/ u(x) dx > — ^— / u{y)dy. 
Jn t ll°lloo Jn 1 



□ 
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Proof of the claim 

By assumption, since J(0) > and J smooth, there exist tq > and cq such that min B / ,r-o) J > 

CO- 

Fix e < min{ ^ ; j } such that the two sets 

(4.4) Q' e := {x G n'\ d(x, dn') > ea} 

(4.5) n' 6 := {x g n'\ d(x, on') < — } 

are non empty disjoint sets. Choose ft e smooth (at least C 2 ) so that £l' e CC Sl e and Q e D&' e = 0. 
By construction, we see that fi e is compact and for all y G ft', d(y, Q e ) < ea. 
Again by construction we observe that for S < we also have 

Vz£0 EI B(z,5)cQ'. 

From the uniform regularity of Q e , there exists a constant S small enough, say < 5 < 
$1 < x w here <5i only depends on the regularity of dQ e , such that for all z G there exists 
z' £ l! e fl B(z, 5) satisfying 

(4.6) B(z',-)cB{z,5)nn e . 

8 

Now, pick y G $7'. Since fj e is compact, there exists zq G £l e such that ||y — zq\\ = d(y, fi e ). 
Using (|4.6|l , it follows that there exists z' Q such that 

(4.7) B(z' , d -)cB(z ,5)nn e . 
Recall that n 6) „ = thus from gTj it follows that 

B(zil)-y 

9(y) ^ 
Take now s G B(4, §) and let us compute %^ : 

II s - 2/ 1 1 < || -s - 411 + I No - 411 + ll z o - 2/11 



5 5 
<— + -+£• 

8a a 



Since 5 < ^ and e < ^, we achieve 



Is — y\\ ,1 1 1 . 

< (777 + o + n) r o < r . 



g(y) " v 64 8 2' 
Finally, let us compute J n J{z)dz. From the above construction, we have 



J(z)dz> J s ) y J{z)dz 

~ C ° /*(«U>- dZ 
s(y) 

>c M£(0,^)). 
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Since the above computation is independent of y G VL' , the claim is proved. 

□ 

Remark 4.2. Observe that from the above computation, we have a certain degree of freedom 
over the parameter e, which later can be chosen at our convenience. 

Let us now show another important estimate. 

Lemma 4.3. Let Q c M. n be a connected set and u a positive continuous function satisfying {1.9) . 
Let SI' c £1 be such that g > a > in ft'. Then for any Q," CC O' there exist 8 and a constant 
C(j3, J, a, 5, b) such that 

V.x eHj := |J B(x,5), u{x)>C I u(y)dy. 
xen" Jb(x,s) 

Proof: 

Let d := d(£l",d£l'). By assumption, one has d > 0. Since u is positive and ft' C fi, we 
deduce from {1.9) that at x € £1 we have 



(v \ a{y) J g d (y) 

j ( x-y \ u(y) 

(x,p)ncv V 9(y) J a d {y) 



B 



Using that J(0) > 0, a < g < f3 in Q,' and ||6||oo < C we see that for S small, say S < Si, we 
have 

x-y \ u{y) 

B(x,s)nn> " V g(y) J 9 d {y) 



»W>/ J(^f)^* 



^6 



Choosing 5 < min{|, <5i}, it follows that for any x E £1$, B(x, 5) C Cl'. Hence, for all x € fig/ 
we have 

u(x) > / u{y) dy 

and the Lemma is proved. 

□ 

5. Harnack type inequalities 

We are now in position to prove the different Harnack type inequalities, Theorems 11.31 
and 11.41 and Corollaries 11.71 and 11.51 The proof of the Corollaries come as a straightforward 
application of the main Theorems and thus left to the reader. Simple proofs of Theorem II .31 
can be obtained using Theorems [L4l so let us first prove Theorem ll.41 

Proof Theorem ll.41 

Before we begin, let us make some remarks and introduce some notation. First observe 
that if the estimates in Theorem 11.41 hold for a given compact set uj C 17, then they hold as 
well for any compact set u C uj. Indeed, since the estimates in Theorem [L4] hold for uj, there 
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exists a positive constant T)*(uj) so that for any < r\ < f]*(uj) there exists a constant C(r]) 
such that for all positive solution u of (|1.9[) the following inequality holds: 

u{x) < Cu(y) for all x G oj,y G oj PI Wi n , 

where % := {y G > r/}. 

Using now that any positive solutions of (|1.9|) satisfies 



sup u < sup u < C{rf) inf u<C(t]) inf_n, 

it follows that the estimates in Theorem [L4] hold for uj. 

From the above observation, we can restrict our attention to compact set w C f! such that 
5cCw. Fix now uj and let us define the following sets 

uj v := (J B(x,i]) n ft 

Z v := {y G < ??} 

W„ := {y G ^b(y) > r,}. 
Since G Lf oc with p > 1, we can choose 771 small enough such that 

(5.i) I Jy<^ b 



,n2,, g d (y) ~ 2IIJIU 

Since S CC w, we can choose 771 smaller if necessary to achieve u Vl n C w. Fix now, 
< i] < rj\ . We are now in a position to prove the Theorem. The proof follows essentially 
four steps. 

Step 1: Now, define the following bounded set 

n(w) := (J 5(*,/3), 

and set the measure dp, = -^ffa, which is well defined since G Lj oc . Since J is compactly 
supported, it follows that in uj, u satisfies 

(5.2) u(x) = J- I J (^) u(y)dp(y) 
K x ) Jn(u)nn V 9{y) J 

(5-3) = T7~T / f ^ff) «(y)*(ll) + / ^ ( ^ff) «(y)(^(»). 

Jn{uj)nz ri V / Ja{ u )nw v V SU/J / 

Observe that for x £ u, y £ Z v Pi (Q(uj) \ uj v ), we have 

x-y 

g(y) 

Therefore since supp(J) C B(0, 1), it follows that for x G uj 



> 1. 



1 f fx — y\ 1 f fx — y 

J —rr u{y)dp{y) = — — / J —— ) u{y)dp 1 {y) 



K x ) Jn(u)nz v \ g(y) J K x ) Ju v nz v \ g(y) 

and from (|5.3|) we get 

(5.4) u{x) < -J— f J (^-r-f) u(y)dp(y) + . . f u(y)dp(y). 

K x ) Juj v nz v V g(y) J mf ^ H x ) Jn{u)nw n 



16 



Since u is continuous and 10 is compact, u achieves its maximum at some point, say x G w. 
At this point, from (|5.4|) we have: 

(5.5) u(x ) < f J ( X ° V ) u(y)dn(y) + . . I u(y)dfi{y). 

K x o) Ju, v nz v V 9{y) ) infu b[x) Ja{ u )nw v 



Using that lo v D Z n C oj and (|5.1)> , it follows that 

(5-6) u(x ) <^A + f u{y)d l x{y). 

2 mf w 6(x) J^nWr, 

Therefore, 

(5-7) u(x ) < 2 \ J \T\ I u {y) d Kv)- 

m£ u b(x) 7n(w)nw, 

Step 2: For any let us consider the set oj v := {x G oj\d(x, duj) > u} and C(x, 6, a) be 

the cone issued from x with angle 9 and height a. On one hand, since 5 CC w, there exists 
v o > such that to \ oo^ n 5 = 0. On the other hand, since w satisfies an uniform inner cone 
condition, it follows that for v small enough, say v < u* , there exists r(y) > such that for 
any x G w \ w„, there exists x G w such that 

B(x, r) C C x>6>a fl (cj„ \ w 4i/ ) 
B(x,r) C £(x,/3). 

Let us now fix v < m.m{vo, ^*} and take rj* := minjv w )\ W4l , 9- By construction, jy* > 0. 
Now take any x G a; \ w„. From (|1.9|) , using the uniform inner cone property, we have 

(5.8) u{x) = J-fj(^)^ dy 

K x ) Jn V 9\y) J g (y) 

< 5 - 9 > ^ik ! J (~tt) ~w\ dy 

(5 10) > — f J ( X ~ y } U ^ dy 

~ K x ) jB{x, r ) V g(y) ) 9 d {y) 

Recall that g > rf in B(x,r). Therefore, since J(0) > 0, b > 0, there exists 5q and Co 
independent of x such that B(x,5q) C B(x,r) and 



(5.11) u(x) > Co / u(y) dy. 

JB(x,S ) 

Fix now j] < min{^, ^-} such that W v \ W2T} CC uj v , and let 

d := d(u v n Wa,,, n Wr,) 

By construction, we have d > 0. Indeed, since 77 < r/*, we have d(Q(cj) n WC) = Ti UT2 where 
Ti C (Q(w) \ ue) and T 2 C (W v \ W^). Therefore, for any x£w„n W 2 ^ 



d(x,TiUr 2 ) >d(x, {n(uj)\uj»)U{W ri \W3r L )) >0. 
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Step 3: Let v and 77 be defined by the above steps. Since d > 0, choosing e small enough, say 
e < 5L it follows that 

w„ n C {x|d (x, d(fi(u>) n W v )) > erj}. 

Now, since g > r] in n W v , from Lemma |4~T1 there exists e* so that for all < e < e* 
there exists a non empty set O e and a constant C e (J, rj, U(oj) n W^, 6) such that 



{x\d(x,d(n(u)nW v )) > €1]} cSl f C |x|d(a;,S(n(a;) n W v )) > y} 



and 

(5.12) / u{y)dy > C e [ u(y)dy. 

Jn e Jn(u>)nw v 

Observe that by choosing e < min{e*, J-}, we also have u;„ n C Sl e . 
We now fix e < min{e*, ^} and choose 5 < ^, and consider the set 

:= \J B(x,25). 

By construction, we have Q e CC C fi(w) n and 5 > r/ in Q$. Therefore, from Lemma 
I4.3l there exists Si and C such that for any x G we have 



u(s) cfs. 



(5.13) > C£ / u(s)ds. 

JB(x,6i) 

So we have 

(5.14) u{x) > mm{C ,C' } [ u(s)ds. 

JS(a;,5i) 

Step 4: Take now 5* < min{#o, <5i}, where 5o is defined in (I5.11I ). Then by construction J7 e 
and u satisfies the assumption of Lemma [3721 and by (ii) of Lemma [3721 we end up with 

(5.15) u(x) > mm{6o,C } / u(s) ds > — — / 

Jb{x,&*) N J nt 

Collecting the inequalities (|5.7|) , (|5.12[) and (|5.15|) , it follows that for all x £ Q € we have 

(5.16) ii(x ) < . r^-TFi / u ( s ) ds 

(5 ' 17) - inf^^C^mlCo,^}) * 
(5 18) < 2 " J '»- E u[x) 

Observing that uj v n C O e , from equation (15.181 1 it follows that 
(5.19) u(xq) < Cu(x) for all x <Eu u n W 2 r]. 

Now observe that from (|5.4|) , we also get that for all x G w \ 



u(x) > Cq u(s) ds, 

Jb(x,8 ) 
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where B(x, Sq) C oj v \ u)± v . Therefore, since lew^fl W<z v C £l t and 5* < 5q, it follows that 

(5.20) u(x)>Co [ u(s)ds > min{C ,Co} f u(s)ds. 

Jb(x,S ) JB(x,^) 

Using again Lemma 13^21 yields 

(5.21) n(x)> C ^f- C ° }) J a 

As above, we can combine the inequalities (|5.21|) , (|5.12|) and (|5.3|l to obtain 

(5.22) u{xq) < Cu(x) for all x^(uj\uj v ). 
Thus, from the inequalities (|5.19j) and \5.22) we get 

(5.23) u{xq) < Cu(y) for all y € u) n W 2r] - 
Hence, we have 

(5.24) u(x) < Cu(y) for all x £ u, y € u n VF 2 »?- 



□ 

Let us now deal with the general estimate and prove the Theorem ll.3l 
Proof of Theorem |1.3t 

Let us first observe that the estimate is straightforward if the set w CC n. Indeed, in such 
cases there exists always a regular compact set ui such that wCCwCS] and the Theorem |1.4| 
applies. Therefore the only case left to analyse is when the domain to touches the boundary 
of 0. In such case and without any regularity assumption on the domain, we cannot derive 
the estimates from a simple argument. To obtain the estimate we use a similar argument as 
for the proof of Theorem ll.4l The proof here follows essentially three steps. 

Step 1: First remark that as for the proof of Theorem II .41 we can restrict our attention to a 
compact set oo C such that S CC u. Now let us define the sets Q(oj) := \J x£uj B(x, f3) HQ 
and W v as in the above proof. Following a similar argument, for a point xq € oj where u 
achieves its maximum and for small enough r\, say rj <rf, we have 

(5.25) u(x Q ) < 2 l J h°s ( u(y)dn(y). 

lnfw b(x) Jn(u)nw n 

From (11.91) , using that u, J and g are non-negative, it follows that for all x £ Q we have 

(5.26) u(x) > -L / J (^y) u{y)d^{y). 

Since g > r/ in Q(oj) PI W v , from Lemma I47T1 there exists e* > such that for all < e < e* , 
there exists a non empty set £l t CC Q(u) D W n and a constant C e (J, 77, Q(w) fl W v , b) such that 

{x\d(x,d(n(oj)nW v )) > er/} C O e C {x|d(a;, 8(Sl(u) n W^)) > y} 

and 



(5.27) / u(y)d//(y) > C £ / u(y)d»(y). 

Jn t Jn(u)nw v 

Recall that from the proof of Lemma |4~Tl we also have e < e* < ^. Thus, we have 

{x|d(x, n W„)) > 77} C {x\d(x, d(n{uj) n W,)) > er/} C O e . 
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Step 2: Choose now 5 < min f }, where e and rj are defined by the previous Step, and 
consider the set 

n 5 ■= \J B(x,25). 

By construction, Q§ C U(oj) n W n and g > r/ in f^. Using Lemma l-Ol for any i6(! e we have 



(5.28) u(x) > C / u(s)ds. 

JB(x,5) 

Step 3. As in the previous proof, by construction fi e and u satisfies the assumption of Lemma 
I3.2l and we end up with 

(5.29) ti(ac) > C / u(s)ds > / u(s)ds. 

Jb{x,s) N Jn e 

Collecting H5.25D , 05.26b and H5.29D , it follows that for all xeH e we have 

uif w 6(x)C e C(C )Co 
Therefore, for all y € w and x E f2 e we have 

ii(y) < Cu{x). 
Hence, for all y € w and x € r2 e PI w we have 

u(y) < Cu(x). 

□ 

6. Construction of non trivial positive solution of a particular nonlocal 

equation 

In this section, we deal with the construction of a positive solution of (|1.10|) and prove 
Theorem ll.8l 
Proof of Theorem |1.8t 

We treat two cases 
Case 1: $7 bounded. 

First, let us assume that SI is bounded and J is regular. Let us define the operator T € 

£(C(0))by 



a O) 7n V 0(2/) / a d (y) 

where 

f f J (v=*) -*y for x ^ 5 
a(x) := < Jf7 vffW/ 9 d M ^ 
[ 1 otherwise. 

Since G L^ oc , T is a compact operator. Moreover T is positive since g,a and J are non- 
negative functions. Using now the Krein-Rutman Theorem, there exists an eigenvalue A and 
a continuous eigenfunction 4> > such that 



1 



a{x) Jn v g(y) J g(y) 
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Integrating the equation over Q,, it follows that A = 1, and cj) is our desired solution. To 
obtain a solution in the case J G L°° n L l {Q), we proceed by regularisation. Let (p n )neN a 
sequence of C°° mollifier and consider the problem with the regular kernel J n := J * p n . By 
the above argumentation, for each n there exists <p n > solution of the regularized problem. 
Now using the global estimate of Corollary \1.7} we have 



Let us normalize <j) n so that m.iuj(j) n > 1. From a carefully analysis of C(J n ) on can show 
that this constant depends only on C(J, ft). Thus (</> n )n.en is a uniformly bounded sequence 
of continuous function. Using now Arzela-Ascoli Theoreme and a standard diagonal ex- 
traction argument, there exists a convergent subsequence (<j) n ) which converges locally uni- 
formly to a positive continuous bounded function </>. Moreover, using Lebesgue monotone 
convergence Theorem, one can see that 4> is our desired solution. 
Case 2: $7 unbounded. 

Assume now that Q is any open set and let Q n be an increasing sequence of bounded subsets 
such that limn-^ooSln = fl Since S CC $7, we can also assume that for all n G N, S n Q n CC 
f] n . Let n denote the associated solution to fi n with the normalization ^(xo) — 1 f° r some 
fixed xq G Q n that we will choose later on. Since n G N, 5 CC 0„ and (f2 n ) n£ N is an 
increasing sequence of sets, for some rji small we have 



Let us choose x$ G f&o n . 

Let us now fix n G N and consider the sequence of functions (<fr n +k)ke®- By construction, 
(ftn+k satisfies the equation 



Since O n is an increasing sequence of bounded sets, for any k G N we have fi n C Q n +k- 
Using Theorem ll.3l with ft n and cf) n +k, it follows that for any k G N there exists a constant rf k , 
such that for all rj < rf k there exists w^. fe and a constant C n+k (J, 9, \\a n +k ||oo, ^n) such 
that 



< C{J n ) wlcj) 

n ■ 



f](n n nw m ) = n nw m ^0. 




(6.1) 
(6.2) 



{x G d(n n n W„)) > r?} C u' n+k 

sup<p n+k < C n+k (rf)(j) n+k (x) for all x G 

On 



For each fc G N, let us choose r/ k such that 



n n n C {x G ^nl^aW^) > r/ fc }. 
Using the monotonicity of the sequence (O n ) nS N, it follows that 

n n w w c n n n w w c {x g n n |d(x, dw m ) > rj k } c u4 +fe . 



Therefore, from the above set inclusion and (|6.2|) , it follows that 
(6.3) sup0 n < C n+k (r]k)(pn(x ) < C n+k (r] k ). 




Now, observe that the sequence of positive functions (a n+ k(x))k^ is increasing in Q n and 
uniformly bounded. The monotonicity property follows easily from the monotonicity of the 
Q n . Indeed, recall that for any x € Q n \ S we have 

'y-x\ dy 



Jn n+k V 9{x) J g d {x) 
Therefore, using that Q. n C Sl n + 1 and that J, g are non negative functions, it follows that 

f ( y — *^ \ ^y f ( y — ^ \ ^y 

a n+k (x) = J I — — -j-- < J —— -j— = a n+k+l {x). 

Jn n+k V g( x ) J 9 d {x) Jn n+k+1 V 9{x) J g d (x) 

On the other hand, for x € S, we have a n {x) = 1 for all n£N. Thus, a n+ k < a n+ k+i in Q, n . 

From the definition of a n , we also get easily the uniform bound. For any x £ Q, n \S, using 
a change of variable we have 

a n (x) = ( J ( y^-) -4^r < I J(z) dz < 1. 
V ' Jn n V 9(x) J g d (x) ~ Jn^ v 1 ~ 

Using that (a n (x)) n is uniformly bounded independent of n and increasing in Q n , we 
can make the constant C n+ k independent of k. Therefore, for all k G N, 4> n +k is uniformly 
bounded in O n . Now, since 4> n +k is uniformly continuous on Q n , using Arzela-Ascoli's The- 
orem we can extract from (4> n +k)keN a sub-sequence which converges uniformly in Sl n . By a 
standard diagonal argument, we can extract from (0 n ) nG N a sub-sequence which converges 
to a function 4> uniformly on every compact subset to of Q. Using that J has compact sup- 
port and the Lebesgue dominated convergence theorem, passing to the limit in the equation 
yields 



j / xy \ _ = Q 

n V gyv) J 9{y) 



□ 
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